In this paper, we utilize generalized Darboux transformation to study higher-order rogue wave solutions of the three-wave resonant interaction equation, which describes the propagation and mixing of waves with different frequencies in weakly nonlinear dispersive media. A general Nthorder rogue wave solution with two characteristic velocities structural parameters and 3N independent parameters under a determined plane-wave background and a specific parameter condition is derived. As an application, we show that four fundamental rogue waves with fundamental, two kinds of line and quadrilateral patterns, or six fundamental rogue waves with fundamental, triangular, two kinds of quadrilateral and circular patterns can emerge in the secondorder rogue waves. Moreover, several important wave characteristics including the maximum values, the corresponding coordinate positions of the humps, and the stability problem for some special higher-order rogue wave solutions such as the fundamental and quadrilateral cases are discussed.
Introduction
Rogue waves (or freak waves and a number of other similar names) originally being used to describe short-lived gigantic surface gravity waves in the deep ocean [1] , have received an unprecedented surge of research activities in many realms of science within the last few years, optical fibers [2] , modelocked lasers [3] , Bose-Einstein condensates [4] , to name a few. Compared to solitons and breathers, rogue waves are localized in both space and time, and they suddenly come from nowhere and instantaneously vanish without a trace [5] . Mathematically, a single rogue wave is formally described by the well-known Peregrine soliton, a prototypical solution of the scalar nonlinear Schrödinger (NLS) equation, which is expressed by the rational polynomials of second order, and its maximum value is three times greater than the average state [6] . Moreover, rogue waves have been experimentally observed in a water wave tank [7, 8] , etc.
Recent studies on rogue waves are rapidly concentrated on multi-component coupled systems, since the scalar models cannot depict the essential interaction processes among the nonlinear waves with different modes or frequencies [9] . One of the most famous coupled models is the Manakov system, which serves as basic equations to depict the light wave transmission in birefringent optical fibres, and to simulate the crossing sea waves in deep ocean [10] . This system follows the weak resonant condition, and it is accepted that dark rogue waves [11] , the interaction between rogue waves and solitons or breathers [9, 12] , composite rogue waves [11, 13] and fourpetaled rogue waves [14] can all exist in it. While when considering the extreme waves in strong resonant processes, the three-wave resonant interaction (TWRI) equation is of fundamental and universal significance [15] .
In this paper, we choose to consider the following general three coupled system [16] where u , 1 u 2 and u 3 are three complex envelops of waves, c 1 and c 2 being assumed to satisfy the ordering condition c c 0 1 2 < < define the characteristic velocities. The subscripts represent the partials and the asterisk delegates the complex conjugation. This general system models the nonlocal interaction of two waves if t is the evolution variable, and models the TWRI if x is the evolution variable. In this paper, we assume x to be the evolution variable, and t is the second independent variable. For concrete physical contexts, equation (1) can describe the propagation and mixing of waves with different frequencies in weakly nonlinear dispersive media [15, 16] , and it is of also elementary application in nonlinear optics [17] , fluid dynamics [18] , plasma physics [19] , solid state physics [20] , and so forth. Over recent years, there have been a substantial number of reports for equation (1) , such as the inverse scattering transformation studied by Kaup [17] , the Darboux transformation (DT) and multi-soliton solutions given by Zhou [21] , and the finite dimensional Hamiltonian system and algebrogeometric solutions derived by Geng and Wu et al [22, 23] . Especially, in recent years, by using the Darboux-dressing method and spectral techniques, the general soliton solutions, lower-order rogue wave solutions and stability problem of the solutions have been systematically investigated by Degasperis, Baronio, Conforti et al [15, 16, 24, 25] . However, to our knowledge, there are no reports on higher-order rogue wave solutions of the general three-coupled system (1).
As a matter of fact, higher-order rogue waves can be viewed as the nonlinear superposition of a certain amount of fundamental rogue waves, and they can be described by the complicated higher-order rational polynomials instead of the simple Peregrine soliton. Very recently, higher-order rogue waves of the scalar NLS equation have been successfully generated in a water wave tank, which gives a definitive answer of the theoretical predictions of their existence [26] . Also, the complete classification of the higher-order rogue wave solutions for the scalar NLS equation have been presented in [27, 28] . Nevertheless, as far as we know, there is relatively scarce literature about higher-order rogue wave solutions of the coupled systems due to their complexity and variousness. Fortunately, under the integrability condition [29, 30] , the generalized DT method developed by Ling [13] provide an effective way to solve this problem [31] [32] [33] [34] [35] [36] [37] .
In this paper, based on the determined plane-wave background and a specific spectral condition, we derive a general Nth-order rogue wave solution of direct iterative rule and its equivalent N N 3 3 degree determinant form for equation (1) by using the generalized DT method. The general solution contains two characteristic velocities structural parameters and 3N independent parameters. Particularly, by means of the symbolic computation [38, 39] , for N = 1, the explicit firstorder rogue wave solution containing polynomials of second order or fourth order is just the rogue wave solution with respect to the triple root case of q 1 2 = given in [16] . For N = 2, the second-order rogue wave solution consisting of polynomials of eighth or twelfth order is obtained. We show that the secondorder rogue waves including fundamental, two kinds of line and quadrilateral patterns can be obtained, the corresponding expressions of the solutions are related to eighth-order polynomials. Furthermore, it is shown that six fundamental rogue waves with fundamental, triangular, two kinds of quadrilateral and circular patterns can emerge in the second-order rogue waves, the solutions can be expressed by twelfth-order polynomials. Some significant wave characteristics including the maximum amplitudes and the corresponding coordinate positions of the humps in the higher-order rogue waves are calculated. We numerically show that with the composite numbers of the fundamental rogue waves increasing, the corresponding maximum amplitudes of the humps in the higher-order rogue waves are amplified. Also, the stability problem [40] of some special higher-order rogue waves is discussed.
The paper is organized as follows. In section 2, we derive the generalized DT and a general Nth-order rogue wave solution of the TWRI equation. In section 3, some explicit rogue wave solutions and their numerical plots are shown. The last section is the conclusion.
General Nth-order rogue wave solution
In this section, we shall construct a general Nth-order rogue wave solution for equation (1) , which can be represented by the compatibility condition of following Lax pair
is the eigenfunction and ζ is the spectral parameter.
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At this time, it follows from the classical DT (4)- (7) that the N-step generalized DT can be constructed as follows.
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then the formulas (10)- (12) can be written as the N N 3 3 degree determinant form, which is just the general Nth-order rogue wave solution for equation (1) 
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here θ is a small parameter, and when by setting 0, q  it is easy to calculate that the above cubic algebraic equation (20) possesses a triple roots, that is, . ( )
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¼ and the complicated expressions are omitted in this paper.
Hereby, we only need to adjust the definition of (13) by 
then a series of rogue wave solutions of equation (1) can be derived by the formulas (14)- (16) .
For N = 1, we arrive at the first-order rogue wave solution with two characteristic velocities structural parameters c 1 and c 2 and three independent parameters, namely, f , 1 g , 1 h . 1 For N = 2, the second-order rogue wave solution involving two characteristic velocities structural parameters c 1 and c 2 and six independent parameters, i.e.
is obtained. Now we classify dynamics of the second-order rogue wave solution into two cases via the essential parameter h 1 be zero or not.
Case 1 h 0. 1 = At this point, it is calculated that the solution consists of polynomials of eighth order rather than the simple second or fourth order. In the next, for convenience, we omit presenting the concrete expressions of the higher-order solutions for they can be directly derived by the determinant formulas (14)-(16) and (23) through choosing different free parameters. Now when choosing g 0 1 ¹ and the other free parameters be zero, the fundamental higher-order rogue wave which is featured by a composite of four fundamental rogue waves merged with each other is obtained, see figures 1(a)-(c) . Through numerical calculation, we find that the interaction process can enhance the maximum amplitude of the humps, when four fundamental rogue waves intermingle with each other, the maximum value can reach to four times greater than the background crest. In addition, it is explicitly computed that the maximum amplitudes of the humps in 0. 1 ¹ At this moment, the solution is made up of polynomials of twelfth order, and we will see that six fundamental rogue waves can coexist in the second-order rogue waves of equation (1), which is similar to the thirdorder rogue waves with triangular or circular pattern in the scalar NLS equation. Nevertheless, we would like to remark that dynamical structures of rogue waves over here are much more abundant than that in the scalar model due to the existence of the multiple independent parameters.
Here, we find that dynamical structures of the higherorder rogue waves in this case can be classified into five types. By letting h 0 1 ¹ and the other independent parameters be zero, the fundamental pattern which is featured by a composite of six fundamental rogue waves intermingled with each other is presented, see figures 5(a)-(c). Though numerical computation, we find that when six fundamental rogue waves in equation (1) merge with each other, the maximum amplitude of the humps run up to almost five times larger than the average value. Furthermore, we present that the maximum amplitudes of the humps at this time in u 1 component are also 
here are also tilted to a certain degree in the diagonal direction of the temporal-spacial plane comparing to that in the Manakov system.
Numerical simulations
In this section, we perform numerical simulations in the MATLAB platform to discuss stability problem of some higher-order rogue waves with different dynamics. Here, as is stated in the foregoing section, we assume x be the evolution variable in the present paper. Firstly, we do numerical simulations to two special higher-order rogue waves with fundamental patterns, namely, the cases of four or six fundamental rogue waves completely merged with each other. The corresponding parameters are the same as that in figures 1 and 5, respectively. For the four fundamental rogue waves case, we set x 1 = -as the initial value and the finite computational region of t be 10, 10 [ ] -for x 1.  -Considering the background wave function of the Numerical simulations of the higher-order rogue waves with fundamental patterns in u 3 component, (a) four fundamental rogue waves case at x = 3, the parameters are the same as that in figure 1 ; (b) six fundamental rogue waves case at x = 3, the parameters are the same as that in figure 5 .
Adding a 0.01 noise to the amplitude of the u 3 component, the numerical simulations of the evolution process at x = 3 can be shown in figure 10(a) . We find that a small oscillation arises in the right boundary if the explicit solution is perturbed by a noise, while its shape and amplitude change slightly as the distance evolves. So, the higher-order rogue wave in this case can withstand the perturbation of the noise, and it has a stable propagation in the determined short computational interval. Similarly, the numerical simulations of the stable propagation for u 1 and u 2 components can also be obtained, here we refrain from presenting them. For the six fundamental rogue waves case, we choose the identical initial value, finite computational region and boundary condition, and adding a 0.01 noise to the amplitude of the u 3 component. We find that at x = 3 as shown in figure 10(b) , there is also a small oscillation in the right boundary when a noise is added, while the basic shape and the amplitude of the rogue wave have almost no changes. So, in this case, the higher-order rogue wave can also bear the perturbation of the noise, and it can be seen as the stable propagation in the selective computational interval.
Secondly, we perform numerical simulations to one higher-order rogue wave with quadrilateral pattern, which is featured with four fundamental rogue waves well separated, and the corresponding parameters are the same as that in figure 4 . Now we take x 22 = -as the initial value and the finite computational region of t be 30, 10 [ ] -for x 22.  -By choosing the same boundary condition i.e. the background wave function of the corresponding rogue wave solution and the equal step length ratio in the computational process, the numerical simulations of the evolution process at x 18 = -can be shown in figure 11 . We present that when a 0.01 noise is added to the amplitude of the u 3 component, a clearer oscillation occurs at the right boundary and the point of the maximum amplitude. The higher-order rogue wave in this case can not withstand the perturbation of the 0.01 noise, and here the stability of the higher-order rogue waves with quadrilateral pattern is weaker than that of the fundamental patterns.
Conclusion
In summary, we investigate higher-order rogue wave solutions of the TWRI equation which serves as a basic model to describe the propagation and mixing of waves with different frequencies in weakly nonlinear dispersive media. By means of the generalized DT, a general Nth-order rogue wave solution on a special plane background with the same spectral parameter 3 i 1 3 4 z = is derived. We present that the general solution comprises two characteristic velocities structural parameters c 1 and c 2 and 3N independent parameters f k , g k , h k ( k N 1   ). As an application, we present a series of interesting dynamics of rogue waves by choosing different parameters. Moreover, the stability problem of some special rogue waves is discussed.
In addition, it is notable to say that the stability analysis and experimental observation of higher-order rogue waves in a coupled system is still an intractable problem due to its complexity and diversity, although some experimental data analysis and possibilities of existence for higher-order rogue waves in the Manakov system have been investigated [13, 14] . The stability analysis of the other interesting types of rogue waves presented in this paper (such as the triangular pattern, etc) deserves further investigation, and we hope the general rogue wave solutions and dynamical structures given here may contribute to better apprehending the complex extreme wave phenomena in nonlinear optics, plasma physics, fluid dynamics and so on. 
